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Kerr-type nonlinearities form the basis for our physical understanding of nonlinear optical
phenomena in condensed matter, such as self-focusing, solitary waves, and wave mixing 1–3.
In strong fields, they are complemented by higher-order nonlinearities that enable high har-
monic generation, which is currently understood as the interplay of light-driven intraband
charge dynamics and interband recombination 4–6. Remarkably, the nonlinear response
emerging from the associated sub-cycle injection dynamics of electrons into the conduction
band has been almost completely overlooked in solids and only partially considered in the gas
phase 7–10. Here we reveal this strong-field-induced nonlinearity in amorphous wide-bandgap
dielectrics by means of time-resolved, low-order wave mixing experiments and show that
close to the material damage threshold the so far unexplored injection current provides the
leading contribution. The sensitivity of the harmonic emission to the sub-cycle ionization
dynamics offers an original approach to characterize the evolution of laser-induced plasma
formation in optical microprocessing.
∗P.J., B.L. & B.K. contributed equally to this work
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When solid dielectrics are exposed to an intense infrared laser field, the quasi-instantaneous
interband polarization associated with the Kerr effect 1 is accompanied by electron injection into
the conduction band near the peaks of the oscillating laser field via strong-field ionization 11, 12
(step 1 in Fig. 1). After subsequent laser-driven acceleration of the electron in the conduction
band (step 2), interband recombination with the hole left behind (step 3) can lead to the emission
of high-harmonics of the driving field 13, 14, in analogy to high-harmonic-generation (HHG) in the
gas phase 15, 16. The non-parabolic landscape of the valence and conduction bands along which
electrons and holes are driven by the laser field in step 2 can give rise to an additional intraband
contribution to the nonlinear response that has no equivalent in atomic HHG 5, 6, 17. The sensitivity
of the inter- and intraband mechanisms to the band structure and crystal orientation with respect to
the laser polarization has turned high harmonic spectroscopy into an important new tool for optical
characterization of the electronic structure and dynamics of solids 4, 17–19.
Besides contributions from intraband currents and interband recombination that dominate
HHG in dielectric solids, the sub-cycle dynamics of the injection of valence electrons into the con-
duction band in step 1 can lead to harmonics as well, as suggested by Brunel 8 in the context of
HHG in the gas phase. Brunel considered a stepwise injection of electrons into the continuum via
tunnel ionization, with one step at the peak of each laser half cycle, and studied the low-order har-
monic emission associated with the interaction of this temporally modulated electron population
with the laser field. Despite the well-known impact of sub-cycle ionization dynamics on the absorp-
tion of intense laser pulses in gases 20 and solids 12, 21, the role of injection-induced nonlinearities
in the wave mixing inside solids remains essentially unknown, though a pioneering experiment
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Figure 1: Schematic description of harmonic generation in solids. The strong-field induced
electron dynamics can be divided into three major phases. It begins with interband excitation of
electrons from the valence to the conduction band via strong-field ionization (step 1) followed by
laser field-driven intraband motion of the excited electron in the conduction band and the remaining
hole in the valence band (step 2), and can finally lead to interband recombination of the electron
with the hole (step 3). Each of these steps is associated with distinct nonlinearities that contribute
to the harmonic emission (as indicated). Our work demonstrates the dominant contribution of the
injection step for the emission of low-order harmonics from amorphous wide-bandgap dielectrics
for laser intensities close to the damage threshold.
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provided indications for their significance 7. Of particular interest is the relative impact of such
nonlinearities compared to all other contributions including the Kerr response. Here we present
time-resolved, two-color wave mixing experiments that provide evidence for the dominance of
injection-induced low-order harmonic emission at intensities near the material damage threshold.
Most importantly, our results expose the underlying mechanism and show that the corresponding
nonlinear response does not reflect the conventional Brunel contribution but stems from the so far
overlooked contribution of the injection current. The resulting nonlinear polarization is associated
with the charge displacement resulting from the strong-field induced interband excitation process
itself, in analogy to the current resulting from tunneling in a low-frequency laser field 20.
In the experiment, an intense mid-IR pump laser pulse (λpump = 2.1µm) and a weak, time-
delayed NIR probe laser pulse (λprobe = 800 nm) were focused into a thin fused silica plate
(0.5mm thickness, 7.7 eV bandgap) using a close-to-collinear pump-probe geometry (Fig. 2a).
The resulting low-order harmonic emission in the visible and ultra-violet wavelength range was
recorded as a function of the pump-probe delay. In the region of pump-probe overlap, intense
harmonic emission was observed at frequencies described by
ωn = 2nωpump + ωprobe, (1)
where n = 1, 2, 3, 4 characterizes the order of the wave mixing (see Fig 2b). As all harmonics lie
well below the bandgap, we immediately rule out interband recombination as a possible source of
the detected radiation.
Additional experiments were performed to distinguish the contributions of all other remain-
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Figure 2: Time-resolved measurement of low-order two-color harmonics. (a) Schematics of
the experimental setup. An intense mid-IR pump laser pulse is overlapped with a weak, time-
delayed NIR probe laser pulse in the bulk of a 0.5mm thick UV-grade fused silica sample. The
generated low-order harmonic radiation is analyzed using a UV/VIS spectrometer. (b) Spectrally
resolved low-order harmonic emission from the fused silica sample measured as a function of the
delay between a strong pump pulse with 2.1 µm central wavelength focused to an intensity of 12
TW/cm2 and a weak probe pulse at 0.8 µm central wavelength focused to an intensity of 0.015
TW/cm2. The pump and probe pulses were provided with parallel polarizations and have durations
of 140 fs and 45 fs, respectively. We verified that only a single probe photon participated in the
underlying wave mixing processes by demonstrating the linear dependence of all observed signals
on the intensity of the probe beam (see Fig. S2 in the Supplementary Information). The dashed
lines indicate the expected central wavelengths of the two-color harmonics according to Eq. (1).
Note that similar spectrograms were also recorded for perpendicularly polarized pulses.
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ing mechanisms to the nonlinear response. The formation of harmonics from intraband currents
relies on the anharmonicity of the valence and conduction bands of the sample including their
structural anisotropies 22. To analyze corresponding crystal orientation effects, the experiments
were repeated in Y-cut crystalline quartz samples. From the observation that the two-color har-
monic emission from the crystalline target shows no pronounced orientation dependence (Fig. 3a),
as in the case of the amorphous sample, we conclude that the observed harmonics do not arise from
field-driven intraband currents.
Next, to explore the possible origin of the observed harmonics in Kerr-type nonlinear polar-
ization we developed an approach to estimate the effective order of the underlying nonlinearity.
We consider an effective nonlinear polarization
P = ε0χ
(2µ+1)|E ·E|µ · E (2)
that follows the instantaneous electric field E according to a power law with an effective order
m = 2µ + 1 and an associated effective nonlinear susceptibility χ(m). As derived in the Supple-
mentary Information, within this model the nonlinearity can be characterized without measuring
the intensity dependence of the harmonic emission. Instead, the effective order m is fully deter-
mined by the ratio of the yield of the two-color harmonic emission observed with parallel (I‖)
and perpendicular (I⊥) pump and probe polarizations. The relation m
2 = I‖/I⊥ follows for wave
mixing processes that involve, as realized in our experiment, only a single probe photon.
The measured ratio I‖/I⊥ reveals a swift growth of the effective order with pump intensity
(see Fig. 3b). Departing from an order corresponding to a Kerr response withm = 3 that increases
6
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Figure 3: Orientation and intensity dependence of the harmonic emission. (a) Dependence
of the n = 1 harmonic emission yield from crystalline SiO2 on the angle between the principal
axis of the crystal and the polarization axis of the pump laser pulse (purple), measured at a pump
laser intensity of 11.5TW/cm2 and for perpendicular polarization of pump and probe pulses. The
probe pulse intensity was Iprobe ≈ 0.05TW/cm
2. The angular dependence of second harmonic
generation (SHG) of the probe is shown as well (orange) and provides a reference orientation.
Whereas the SHG signal depends on the crystal orientation, the measured two-color harmonics do
not, ruling out carrier oscillations in the anharmonic valence or conduction bands as their origin.
(b) Effective order of nonlinearity as extracted from the ratio of the n = 1 harmonic yield obtained
with parallel (I‖) and perpendicular polarization (I⊥) of the pump and probe beams as a function
of the pump pulse intensity. The dashed line represents the result expected for a Kerr-type non-
linearity with m = 3 alone and the orange solid curve shows the effective order of nonlinearity
predicted by our numerical model for a bandgap of 7.7 eV. Note that the right scale displays the
associated intensity ratio.
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and clearly saturates near m = 5 for intensities up to ≈ 8TW/cm2, the effective order grows
rapidly and reaches orders m > 10 at intensities close to the damage threshold. Correspondingly,
we conclude that the contribution of the Kerr-nonlinearities to the signals shown in Fig. 2b is
marginal.
As interband, intraband and Kerr-type nonlinearities have been excluded as dominant sources
of the harmonics, we finally examine whether an injection-driven nonlinearity can explain the ob-
servations. We model the harmonic signal from both the sub-cycle dynamics of electron transfer to
the conduction band via strong-field interband excitation and the subsequent acceleration, neglect-
ing effective mass effects and assuming a parabolic conduction band to eliminate contributions
from band anharmonicities and Bloch oscillations due to reflections at zone boundaries. The re-
sulting emitted field is proportional to the time-derivative of the associated current density
J˙ = qen0
[
qe
me
Eρ+ v0ρ˙+
∂
∂t
(x0ρ˙)
]
, (3)
where E is the driving laser field, qe = −e is the electron charge, me the mass. Further, ρ is
the density of electrons in the conduction band (normalized to the molecular density n0), which
depends on the sub-cycle injection rate according to ρ˙ = Γ(|E|), and v0 and x0 are the birth
velocity and the spatial displacement of the electrons after being promoted from the valence into
the conduction band.
The current considered in Eq. (3) has been discussed in the context of strong-field induced
absorption 20 and contains a sum of three contributions. The first term describes the acceleration
of conduction band electrons by the laser field as described by Brunel and creates a nonlinearity
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only if the electron density is rapidly modulated by ionization 8. The second term describes a
current due to the appearance of electrons in the conduction band with finite initial velocity and is
negligibly small in our experiments due to the low photon energy of the pump beam. The third term
describes a time-dependent injection current that is associated with the promotion of the electrons
from the valence to the conduction band itself. In a quasistatic tunneling picture, this third term
can be interpreted as the current through the potential barrier resulting from the combination of the
Coulomb and laser fields. This current is also fundamental to maintain energy conservation, as the
energy needed to realize the interband excitation process must appear as a loss in the field energy
density u through u˙ = −J · E. In optical tunneling, energy conservation is fulfilled when this
current reflects a spatial displacement of the electrons by x0 = EEg/(qeE
2), i.e. a displacement
due to electron transport to the classical tunnel exit 20. Despite its relevance to energy conservation,
this injection current J = x0ρ˙ has so far not been considered as a source of nonlinearity leading to
harmonic emission.
To analyze the impact of the injection-induced nonlinearities described by Eq. (3) we sim-
ulate the emitted field for the experimental pulse parameters using an instantaneous Ammosov-
Delone-Krainov (ADK) tunneling rate 23 and including the acceleration term J˙Kerr = P¨Kerr, where
PKerr is the conventional nonlinear Kerr polarization for SiO2 as described by Eq. (2) usingm = 3
(see Supplementary Information). To avoid ambiguity, no empirical terms beyond the well-known
χ(3) response for SiO2 were included. The predicted effective order of the two-color harmonic
emission is determined as in the experiment from the ratio I||/I⊥ and reproduces the experimen-
tally observed rapid growth for intensities beyond 8 TWcm−2 in Fig. 3b. We thus conclude that
9
the injection-current induced nonlinearities are the source of the wave mixing signal observed in
the high intensity range. We emphasize that our simplified model does not contain free adjustable
parameters.
Besides the identification of the leading role of ionization-induced nonlinearities, a compari-
son of the contributions from the first and third terms in Eq. (3) reveals that the harmonic emission
arising from the acceleration term considered by Brunel is substantially weaker than the signal
from the injection current (see Fig. 4a) for a wide intensity range. The dominance of the signal
resulting from the injection current and the general shape of the curve describing the intensity de-
pendence of the effective order of nonlinearity are robust against changes of the ionization rate Γ
due to different assumed values of the bandgap, see blue and orange lines in Figs. 4a and 4b. The
intensity at which the rapid growth of the effective order occurs, however, clearly increases with
the bandgap energy. This justifies our expectation that the injection-current-induced nonlinearity
will be dominant also in other materials and indicates the potential to employ the wave-mixing
signals for the time-resolved optical monitoring of bandgap modifications.
The main result of our study is the identification of the injection current as the source of a so
far essentially overlooked but dominant nonlinearity for low-order wave mixing in solid dielectrics
under the influence of strong fields. The fact that the associated nonlinear polarization exceeds the
magnitude of the low-order Kerr-response makes the inclusion of the injection current imperative
in all simulations of nonlinear pulse propagation for field intensities near the damage threshold.
Because of its sensitivity to the evolution of the ionization rate with field intensity, measurements
10
8 10 12 14 16 18
Intensity [TW/cm2]
10−3
10−2
10−1
100
101
102
103
Po
we
r S
pe
c.
 D
en
sit
y
Eg =
 7.5
 eV
Eg =
 8 e
V
Eg =
 7.5
 eV
Eg =
 8 e
V Injection / χ(3)
Brunel / χ(3)
2 4 6 8 10 12 14 16 18
Intensity [TW/cm2]
5
10
15
Ef
fe
ct
iv
e 
or
de
r o
f
no
nl
in
ea
rit
y 
m
Kerr-type nonlinearities
Eg = 7.5 eV
 Eg = 8 eV
50
100
150
200
I ∥
 / 
I ⟂
Figure 4: Comparison of the predicted contributions to the nonlinear response. (a) Relative
magnitude of the contributions of the injection current and the Brunel term to the formation of
the n = 1 harmonic normalized with respect to the contribution of the 3-rd order Kerr nonlin-
earity. Results are shown for two assumed bandgap energies of 7.5 and 8 eV and correspond to
parallel polarization of pump and probe fields. (b) Intensity dependence of the effective order of
nonlinearity extracted from the simulated n = 1 harmonic yield ratio for parallel and perpendic-
ular polarization of pump and probe fields. The data compares results for the same values of the
bandgap energy as in (a). Note that the right scale displays the associated intensity ratio.
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and calculations of the polarization dependence of two-color wave mixing and its analysis in terms
of the effective nonlinearity marks a new route for the time-resolved characterization of ionization
dynamics in dielectrics, possibly even on ultrashort timescales down to the single cycle limit. Such
knowledge would be of major importance for the analysis and optimization of strong-field-induced
material modifications as it may enable the distinction of laser-driven strong-field ionization from
other processes such as electron-impact ionization avalanching in the laser nano- and micropro-
cessing of dielectrics.
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